We present an attempt to formulate an action for the worldvolume theory of a single M5-brane, based on the splitting of the six worldvolume directions into 2+4, which breaks manifest Lorentz invariance from SO(1, 5) to SO(1, 1) × SO(4). To this end, an action for the free six-dimensional (2,0) chiral tensor multiplet, and separately, a nonlinearly interacting chiral 2-form action are constructed. By studying the Lagrangian formulation for the chiral 2-form with 2+4 splitting, it is suggested that, if exists, the modified diffeomorphism of the theory on curved six-dimensional space-time is less trivial than its 1+5 and 3+3 counterpart, thus hindering the coupling of the chiral 2-form to the induced metric on the worldvolume of the M5-brane. We discuss difficulties of further generalisation of the theory. Finally, in terms of Hamiltonian analysis, we show that the naively gauge-fixed failed-PST-covariantised Lagrangian has the correct number of degrees of freedom, and satisfies the hyper-surface deformation algebra.
Introduction
Recently, an alternative M5-brane action in a generic eleven-dimensional supergravity background was constructed in [1] with the aim of better understanding the connection of the original M5-brane action [2, 3] to the 5-brane proposal of [4, 5] based on the three-dimensional Bagger-Lambert-Gustavsson model [6] [7] [8] with the gauge symmetry of a 3d volume preserving diffeomorphism. In [1] it was shown that the field equations derived from the new action are equivalent to the ones deduced from the superembedding approach [9, 10] and hence to the equations of motion which follow from the original action [11] .
The difference between the two M5-brane actions is that in the original action of [2, 3 ] the 6-dimensional M5-brane worldvolume gets split into 1+5 directions and the manifest 6d space-time invariance is maintained by the presence of a single auxiliary scalar field, while in the action of [1] the 6d worldvolume is effectively split into 3+3 directions and the manifest 6d space-time invariance is maintained by the introduction of a triplet of auxiliary scalar fields [12] .
Different formulations of the theory may allow one to gain different insights into its structure. The action of [1] , for instance, in addition to its relation to the BLG model, can also be useful for studying M2-M5 bound states discussed e.g. in [13, 14] .
The Lagrangian formulation of self-dual or duality-symmetric fields is essentially not unique, but is related to different possible ways of tackling the issue of (non-manifest) space-time invariance of the duality-symmetric actions (see e.g. [4, [15] [16] [17] [18] [19] [20] [21] [22] ). Various possible ways of constructing actions which produce the (self)-duality relations as (a conse-quence of) equations of motion by effectively splitting d-dimensional space-time into pand q-dimensional subspaces, with d = p + q, were explored for free theories in flat space in [23, 24] . In these formulations only SO(1, p − 1) × SO(q) subgroup of the SO(1, d − 1) Lorentz symmetry is manifest, while the complete 6d invariance is realized in a nonmanifest (modified) form. Recently, an action for IIB D=10 supergravity, containing a chiral four-form gauge field A 4 whose field strength F 5 = dA 4 is self-dual, was constructed in a 5+5 split formulation which originated from an E 6(6) Exceptional Field Theory [25] . This formulation is alternative to the earlier constructed D=1+9 IIB supergravity action [26, 27] .
The actions with different space-time splitting are generically inequivalent off-shell, as was shown for the 6 = 1 + 5 and 6 = 3 + 3 cases in [1, 12] . Different off-shell inequivalent formulations may be useful for studying the dynamics of duality-symmetric fields in topologically non-trivial backgrounds [22, [28] [29] [30] and their quantization [22, [31] [32] [33] [34] [35] [36] . Potentially, these 6 = p + q chiral 2-form theories in six dimensional Minkowski space may be extended to describe the worldvolume theory of the M-theory five brane, as it was carried out in [2, 3] and [1] for the cases of 6=1+5 and 6=3+3.
The above reasoning has motivated us to complete the list of different Lagrangian formulations of the M5-brane by constructing its action with an effective 2+4 splitting of the 6d worldvolume. Another motivation is that this form of the action for the Abelian N = (2, 0) d = 6 theory would provide us with an appropriate off-shell starting point for its topological twisting considered recently in [37, 38] .
To construct the '2+4' M5-brane action one may try to follow the same strategy as that for the '3+3' action [1] : first deform the action [23] for the free chiral two-form to a nonlinear one, couple it to 6d gravity, embed the M5-brane worldvolume into D = 11 supergravity background and finally search for the kappa-symmetry invariant form of the non-linear action.
It turns out, however, that these steps cannot be accomplished in full. Although it is possible to extend the free 2+4 action of [23] by supersymmetrising it in the worldvolume, or separately by making it non-linear, there are obstacles in carrying out further steps. Most notably, it is not clear how to covariantise the 2+4 action. Nevertheless, as suggested by Hamiltonian analysis, coupling to 6d gravity might be possible.
In comparison with its previous counterparts, the '2+4' self-dual Lagrangian formulation for the chiral 2-form field has several new features and complications. Namely, some of the gauge symmetries of the action become semi-local 1 . For these semi-local transformations to be gauge symmetries, the time direction of the d = 2 + 4 worldvolume should be in the two-dimensional subspace, thus breaking 6d 'space-time democracy', though the action does possess a (modified) 6d Lorentz invariance. The structure of the M5-brane action with '2+4' splitting (if found) is anticipated to be much more complicated in comparison with a Born-Infeld-like structures of the actions of [2, 3] and [1] . A defining function of components of the chiral tensor field strength which enters the action should satisfy an algebraic equation of the sextic order which can only be solved perturbatively.
The problem of covariantising the 2+4 split action for the chiral 2-form may be related to issues with topological twisting of the Abelian 6d, N = (2, 0) theory considered in [37, 38] . The paper is organized as follows. In Section 2, we review the free non-covariant '2+4' chiral 2-form gauge field Lagrangian, and extend it to describe an Abelian N = (2, 0) d = 6 chiral supermultiplet. The derivation of a new nonlinear action for the d = 6 chiral 2-form field is considered in Section 3. In Section 4, we discuss obstacles to get full M5-brane action with '2+4' splitting, as well as discussing a possible way out encouraged by Hamiltonian analysis. In Conclusion we summarize the results and discuss open issues, and possible future directions. In Appendix A, we give the detailed proof of the equivalence of the self-duality equations derived from the new nonlinear '2+4' action with the ones in the superembedding approach. In Appendix B we explicitly check that a nonlinear function of the components of the chiral field strength in the '2+4' action satisfies the constraint required by the non-manifest 6d Lorentz invariance of the action.
Basic notation and conventions
The 6d Minkowski metric has the almost plus signature, x µ (µ = 0, 1, · · · , 5) stand for the 6d space-time coordinates. The chiral gauge field is denoted by
We use the convention that the functional derivative and the variational derivative are related by,
for the variation of a p−form F µ 1 ···µp .
2 Free chiral 2-form theory with non-manifest 6d Lorentz-invariance
We will now review the non-manifestly 6d Lorentz invariant quadratic chiral 2-form action in six dimensional Minkowski space and then extend it to an action describing the N = (2, 0) tensor supermultiplet with five scalars and a sixteen-component fermion.
Free theory
We are interested in the derivation of the self-duality condition
on the field strength H 3 = dB 2 from a 6d Lagrangian with a 2+4 splitting of sixdimensional tensor indices [23] . Here ǫ 012345 = −ǫ 012345 = 1. Let us perform the following 2+4 splitting of H µνρ
Then, the Hodge-dual field-strengthH µνρ splits as follows
3)
The quadratic action which produces (2.1) has the following form [23] 
The action has the local gauge symmetry 6) where Ω ab (x µ ) are arbitrary functions, which suggests that the B ab components of B 2 are Stueckelberg-like fields (they enter the above action only under a total derivative).
In addition, as we have found, the action is also invariant under the following semilocal transformations
whose parameters Φ ai are restricted to satisfy the anti-self-duality condition
i.e. Φ ai obey the differential equation in the four-dimensional subspace parametrized by the coordinates x i . We should check that, though being semi-local, the transformations (2.7) form a genuine gauge symmetry which will allow us to get rid of redundant degrees of freedom 2 .
A semi-local symmetry is a fully-fledged gauge symmetry if its associated Noether charge vanishes (at least) on the mass shell [41] . The conserved Noether current associated with (2.7) is
It is clear from the structure of (2.9) that the Noether charge Q = d 5 x j 0 is identically zero off-shell if the temporal direction is in the 2d subspace of the '2+4' dimensional spacetime. Therefore, in this formulation we lose the freedom to place the time direction in the 4d subspace. This makes the 2+4 splitting different from the 1+5 and 3+3 splittings of the previous formulations of the 6d chiral 2-form action. The field equations which one obtains by varying (2.5) are
10)
Equation (2.10) has the general solution 12) whereΦ bl satisfy the condition (2.8), because the left-hand-side of the above equation is anti-self-dual. Hence, we can obtain the self-duality equation
by fixing the semi-local gauge symmetry (2.7) appropriately. Substituting (2.13) into (2.11) and using the Bianchi identity, we get 14) which has the general solution 18) being the standard Lorentz transformation and 3
vanish on the mass shell. Thus, the modified SO(1, 5) Lorentz symmetry reduces to the standard one when the field strength of the 2-form B 2 is self-dual. 3 There is a room of adding to this transformation another term
One may check that under this transformation the Lagrangian is invariant up to a total derivative term
2.2 Action for the Abelian N = (2, 0) tensor supermultiplet
The supersymmetric extension of the free chiral 2-form action is obtained by adding to it kinetic terms for five scalar fields X I (x) (I = 1, 2, 3, 4, 5) and a sixteen-component fermionic field ψ(x) which together with B µν (x) form an N = (2, 0) supermultiplet. The resulting action
is invariant under the following N = (2, 0) supersymmetry transformations with a sixteencomponent constant spinor parameter ǫ
where the self-dual 3-form K = * K is defined in terms of the components of the field strength H µνρ as follows
Note that the self-dual Lagrangian (2.5) for H 3 is equal to L = 1 6 H µνρ K µνρ . To define the sixteen-component spinors we use the same conventions as in the Appendix of [42] . Namely, Γ µ (µ = 0, 1, 2, 3, 4, 5) and Γ I (I = 6, 7, 8, 9, 10) are the 32 × 32 D = 11 gamma-matrices in the Majorana representation, and the 32-component Majorana spinors ψ(x) and ǫ are subject to the chirality constraints
which reduce the number of the independent spinor components down to sixteen. To study the theory described by the action (2.22), in particular its topological twisting [37, 38] , in geometrically non-trivial 6d backgrounds, one should couple the action (2.22) to a d = 6 supergravity in a way similar to that considered in the '1+5' formulation [43] [44] [45] [46] [47] and to look for d = 6 backgrounds preserving at least part of supersymmetry. This is left as a future work.
3 Non-linear chiral 2-form gauge theory with nonmanifest 6d Lorentz-invariance
We would like to find a non-linear generalization of the action (2.5) in 6d Minkowski space, with the ultimate aim to describe the M5-brane. Let us stress that we are deforming the free theory (2.5) to a nonlinear one in a six dimensional Minkowski space. An attempt to apply the construction to the M5-brane worldvolume theory with a non-trival induced 6d metric will be discussed in section 4. To have a hint on how this generalization should be carried out, let us first rewrite the quadratic action in the following form
in which the second term is the product of the anti-self-dual (4.12) and self-dual (4.13) part of H aij .
The non-linear action we are interested in should respect the same (possibly nonlinearly modified) symmetries of the free chiral field action and should produce the equations of motion, in particular, the same non-linear self-duality condition on H 3 which follow from the other formulations of the M5-brane dynamics, namely, from the superembedding description [9, 10] and the M5-brane actions [1] [2] [3] when they are put in a Minkowski target superspace with the M5-brane excitations along the transverse directions frozen.
We have found that the non-linear 6d action which satisfies these requirements has the following form
where I is the following functional of H ijk and H + aij only
In (3.3)
and later one we will also deal withG
where the Hodge dual field strengthH is taken with respect to Minkowski metric as in (2.4). X, Y and G 2 are three SO(1, 1) × SO(4) invariant scalars 6) and Q satisfies the following sextic equation
Using exactly the same analysis as in Section 2, one can show that the variation of the action (3.2) leads to the following non-linear self-duality equations 8) which are equivalent to those obtained from the superembedding description of the M5-brane [9, 10] , as we will show below and in Appendix A.
Construction of the non-linear action in 6d Minkowski space
Let us first consider (3.2) with, a priori, unknown generic functional I(H ijk , H + alm ), and require the action to be invariant under the modified Lorentz symmetry (2.17), which is composed of the standard Lorentz transformations (2.18) and the additional terms (4)]. 4 The above transformations reduce to (2.21) if we put I = G 2 . Notice also that on the mass shell (3.8) the modified Lorentz symmetry reduces to the standard one.
After a somewhat lengthy calculation, the requirement of the invariance of the action (3.2) under the modified Lorentz transformations leads to the following constraint on the form of I
Note that the symmetry constraint is trivially satisfied if we have I = G 2 .
As is well known (see e.g. [20, [48] [49] [50] [51] [52] ), the above constraint may have different solutions corresponding to different nonlinear chiral 2-form theories. To fix the form of I, our strategy will be to first find the action which leads to the self-duality equations which are equivalent to the ones given by the superembedding formulation of the M5 brane [9, 10] , and then check that the solution satisfies the constraint (3.12).
In the superembedding description of the M5-brane [9, 10] the field strength H 3 of the chiral field B 2 is expressed in terms of a (linear) self-dual tensor h 3 = * h 3 as follows 5
where m −1λ µ is the inverse matrix of
and
4 Just as in the linear theory, there is an ambiguity in the transformation rule of B 2 . The following variation
also leaves the Lagrangian invariant up to total derivative terms. The nature and meaning of this ambiguity is unclear to us. 5 Our normalization of the field strengths differs from that in [53] by the factor of As shown in [1, 53] , by splitting the six-dimensional indices into 1+5 or 3+3, one can derive the duality equations which are produced by the M5-brane actions in the corresponding formalisms. Here we perform the '2+4' splitting of (3.13) and obtain
where
with a, b = 0, 5 and i, j, · · · = 1, 2, 3, 4. By expressing g i and h aij in (3.17) and (3.19) in terms of H + aij and G i via (3.16) and (3.18), one may, in principle, obtain the desired duality equations. However, it is very difficult to proceed directly in this way.
So, let us present a heuristic way to obtain the action. In [1] it was found that the chiral 2-form parts of both, the 3+3 and 1+5 formulation of the M5-brane action have the same on-shell value determined by the super-embedding scalar Q (3.15), namely
We assume that this is also true in the 2+4 formulation. Thus, with the help of the superembedding equations (3.16)-(3.20) we first rewrite the Lagrangian as follows
The on-shell action (3.2) equals (3.22) (in the 6d Minkowski space) if
To recover the off-shell action I, one needs to replace the terms withG i by H aij and G i . It is convenient to rewrite (3.20) as
Note that 256x = Q 4 X, (3.27) 6 The reader should not confuse g 2 with the square of the determinant of the 6d metric g = det g µν .
where X was defined in (3.6). From the superembedding equations and (3.25) we obtain 1 16
We can solve g 2 in terms of X, Y, G 2 , Q from (3.28) together with (3.27),
Upon inserting all these ingredients into (3.24), we find (3.3). The remaining work is then to derive the equation satisfied by Q. We start by expressing Y , defined in (3.6), in terms of h 3 using the superembedding equations
Using (3.25), (3.27) and (3.31) in the above equation, one obtains the following expression for the square root 1 + G 2 − Q 2 X/64,
The polynomial equation obtained from the above relation is (3.7). As a consistency check, one can substitute (3.25), (3.27), (3.28) and (3.32) into the sextic equation to see that it is trivially satisfied. As one can show (see Appendix), the resulting I constructed in terms of X, Y, G 2 and Q as in (3.3) satisfies (3.12) and hence is the promising candidate for the non-linear off-shell action we are looking for.
However, one should still show that the self-duality equations obtained from this action are equivalent to those in the superembedding formulation. The detailed proof of this is given in the Appendix A.
Solutions to a generic sextic equation can be written in terms of the Kampé de Fériet hypergeometric function. Only some special sextic equations can be factorized into radicals and hence solved explicitly [54] , however, this is not the case for (3.7).
Only when Y = G 2 = 0, (3.7) reduces to
Although our sextic equation is not exactly solvable, we can always reconstruct its solution perturbatively as a series in powers of the field strengths.
Attempts to get a full M5-brane action and issues
As our goal is to provide another alternative action for the M-theory five-brane, we will look for the covariantisation of the actions (2.5) and (3.2). However, as we will find out in this section, putting the actions (2.5) and (3.2) on a curved 6d background turns out to be highly nontrivial. The standard PST technique is not straightforwardly applicable in this case. We will first present an incomplete covariantisation of the action (2.5), in which the theory is formally covariant yet not fully consistent. Nevertheless, Hamiltonian analysis suggests that coupling to gravity looks promising.
Covariantisation issue
In this section, we present an attempt to covariantise the 2+4 chiral 2-form action and couple it to 6d gravity (2.5) using the standard PST technique. Unlike [12, 55] , the result of the covariantisation for 2+4 turns out to be problematic in that the action does not acquire the PST gauge symmetry and, hence, auxiliary PST scalars carry undesirable dynamical degrees of freedom. We will discuss these issues in detail in section 4.2. Let us introduce a doublet of auxiliary scalar fields 7 a s (x) with s = 1, 2 labelling a 2D representation of internal rigid GL(2) symmetry of the action. Using the derivatives of a s we construct the projector matrices
and g ρσ (x) is the inverse of the 6d metric g µν (x). The projector P µ ν has rank 2 and Π µ ν has rank 4, so they split the 6d directions into 2+4 ones which are orthogonal to each other. The projectors satisfy the following identities
where D µ is the covariant derivative associated with the metric g µν . The proposed ansatz for the covariantised form of the action (2.5) is
where g is the determinant of the 6d metric, the dual field strength is
The action enjoys the covariant versions of the local gauge symmetry
as well as the semi-local gauge symmetry
with Φ ρσ satisfying the anti-self-duality condition
The Noether current associated with this symmetry is
where we introduced the anti-self-dual part of the field strength
the corresponding self-dual part being
It is clear that the Noether charge associated with (4.11) vanishes off-shell if we align the time along the directions singled out by the P -projector, i.e. along the '2'-subspace of '2+4'. Therefore, (4.9) is eligible to be a gauge symmetry, and we can use it to obtain the self-duality equations. The field equation obtained as the result of the variation of the formally covariant action with respect to B µν is
= 0. (4.14)
Its integration gives
for some parametersΦ andΩ. Projecting both sides of the above equation on P ΠΠ, we get 6 The equations (4.17) and (4.19) amount to the self-duality of the field strength H 3 . The crucial ingredient of the PST covariantisation technique is that, in addition to the gauge symmetries (4.8) and (4.9), the action should be also invariant under the PST gauge symmetry, in which the auxiliary fields a s (x) transform by arbitrary local functions. In view of (2.21), a reasonable guess for the PST gauge transformation would be 8
If the above transformation were indeed a gauge symmetry, one could gauge fix the auxiliary fields a s (x) to coincide with two (worldvolume) coordinates x a (a = 0, 5), thus obtaining (in the flat worldvolume space) the non-manifestly Lorentz invariant action of the previous section
This gauge-fixing condition would be preserved by a combined Lorentz transformation with parameter λ a i and the transformation (4.20), with parameter
This combination of two transformations acting on the chiral 2-forms would give exactly the modified Lorentz symmetry (2.17). However, we find that (4.20) leaves the action invariant, up to total derivative terms, only when the following constraints are satisfied,
Therefore, the proposed transformation (4.20) is not eligible to be a PST gauge symmetry of the action (4.5). The failure of PST gauge symmetry implies the inconsistency of the current covariantisation procedure. Together with other issues we will discuss in more detail in section 4.2, this indicates the trouble with coupling of the 2+4 formulation to 6d gravity.
Discussion of the issues
We have seen in section 4.1 that the standard PST covariantisation is not applicable (at least straightforwardly) to the chiral 2-form theory with the 2+4 splitting of six dimensions. In this section, we will study the encountered issues in more detail with the hope of understanding the origin of the problems and resolving them in future. 8 It turns out that this transformation does not leave the action invariant. One might try to add to the transformation law a term δB µν ∋ V ρ (x)(H − P ΠΠ) ρµν , where V ρ is gauge-fixed to be λ
a is allowed, motivated by the Footnote 3. However, this turns out to be not helpful.
Failure of finding PST gauge symmetry
The PST gauge transformation (4.20) leaves the action (4.5) invariant only when the constraints (4.24) are satisfied. Usually, a fully-fledged PST gauge transformation allows us to gauge-fix the auxiliary fields, say a s = δ s a x a , so that the covariant theory reduces to the non-manifestly covariant one. Obviously, the constraints (4.24) set obstacles to do this. In the absence of the PST gauge symmetry in the formulation of section 4.1, the fields a s are not really auxiliary and may carry undesirable dynamical degrees of freedom, as the following analysis shows.
(In)dependence of the field equations of a s (x)
In the free theory (4.5), the field equation of the 2-form gauge field derived from the action principle is
On the other hand, the field equations of the fields a s are
If a s (x) were really auxiliary, their field equations would not be independent but implied by the second order field equation of the 2-form gauge field. This is the case when the PST covariantisation is successful as in [12, 55] . Actually, the existence of the PST gauge symmetry in [12, 55] is guaranteed by the fact that the field equations of the auxiliary field(s) are redundant. In our 2+4 splitting case, however, one can readily verify that (4.26) is not implied by the second order field equation (4.25) and, hence the fields a s may actually carry additional dynamical degrees of freedom.
Issue with modified diffeomorphism
The chiral 2-form actions of [12, 55] are manifestly 6d diffeomorphism invariant. Upon the appropriate gauge fixing of the auxiliary fields, one can obtain the non-manifestly reparametrization invariant actions. Such actions are invariant under certain modified diffeomorphism transformations, which reduce to the standard ones on-shell. For example, [56] is such a theory which is nonlinear in the gauge field. For simplicity, we will consider only free theories here, as the issue of covariantisation in 2+4 splitting arises already therein. Let us now review how the non-manifest diffeomorphism invariance works in the theories with 1+5 and 3+3 splitting and point out the issue with the 2+4 splitting model.
The following action based on the 1+5 splitting of six dimensions (m, n, p, q, k = 0, 1, 2, 3, 4)
27)
is the truncation of the nonlinear theory [56] to the linear order. TheH 5mn is defined without involving any metricH
One can alternatively formulate a 1+5 theory by singling out the temporal direction from other five spatial ones. In this case, the resulting action is the Henneaux-Teitelboim 1+5 (HT) action [17, 18] . Though it is not obvious, this action also has the modified diffeomorphism symmetry 30) with the diffeomorphism parameter in the fifth spacial direction x 5 → x 5 + ξ, as well as the standard diffeomorphism for , 1, 2, 3, 4) . The transformation law (4.30) reduces to the standard one on-shell. The components B k5 do not transform because we work in the gauge B k5 = 0 for simplicity, since B k5 enters the action through a total derivative term. A non-manifestly diffeomorphism invariant action can also be obtained in the formulation with the 3+3 splitting [1, 12] by gauge fixing values of the triplet of auxiliary fields a s = δ s a x a , s = 1, 2, 3 ( in the following a, b, c, d = 0, 1, 2, i, j, k, l, m, n, p, q = 3, 4, 5)
31)
32)
and g
−1
cd is the inverse of the 3 × 3 matrix g ab . The action is invariant under the standard diffeomorphism transformations associated with x k → x k + ξ k , as well as under the modified diffeomorphism
associated with
, δB ij has the conventional form but δB ai is modified and reduces to the conventional form on the mass shell.
As we have already mentioned, the both actions (4.27) and (4.31), and the modified diffeomorphisms (4.30) and (4.35) can be obtained by an appropriate gauge fixing the corresponding covariant actions [12, 55] . Moreover, a generic crucial ingredient for the actions (4.27) and (4.31) to enjoy the 6d diffeomorphism invariance is that the modified transformation laws be proportional to the derivatives of the corresponding actions with respect to the gauge field strengths. In our case of formally covariant 2+4 theory considered in Section 4.1, one can check that this property is lost in the "gauge" a s = δ s a x a for the transformation rule (4.20) . Despite the mentioned difficulties in obtaining the modified diffeomorphism, it is possible to show that coupling to gravity can be done, which indirectly implies that there exists modified diffeomorphism for the 2+4 split model on a curved background. This encouragement comes from the Hamiltonian analysis which we will present right away.
A possible way out: Hamiltonian analysis
The Hamiltonian analysis provides a natural way to put an action in curved spacetime, and to compute the (modified) diffeomorphism symmetry. So it could provide a better insight into the issue with coupling of the 2 + 4 model to 6d gravity. This approach is adopted in the Henneaux-Teitelboim (HT) 1 + 5 action [18] . We leave the systematic Hamiltonian analysis, following the work of [57] , and the refinement of PST covariantisation of the 2+4 model as future works. Nevertheless, we will show that the "gauge-fixed" 9 formally covariant action (4.5) has the correct number of degrees of freedom by doing the Hamiltonian analysis. Moreover, the Hamiltonian density and momentum densities satisfy the hyper-surface deformation algebra, which suggests that the coupling to 6d gravity is promising.
Suppose we put a s = x a δ s a , s = 1, 2 (in the following a, b, c, d = 0, 5 and i, j, k, l, m, n = 1, 2, 3, 4) in the action (4.5), we obtain a non-covariant action with the Lagrangian density 36) where G i is defined as in (3.4), g
ab is the inverse of the 2 × 2 matrix g ab , and
The conjugate momenta are To go on with the analysis of 2+4 model coupling to gravity, we decompose the 6d metric according to Arnowitt-Deser-Misner-like Hamiltonian formalism
We define the inverse of γâb and its determinant as γâb, and γ, respectively. The inverse of the metric is
The determinant is
After a somewhat lengthy calculation, the canonical Hamiltonian can be found to be 45) where the hatted Roman indices are 5d indices,â,b,m,n = 1, 2, 3, 4, 5. Note that this Hamiltonian is at most linear in N 0 , Nâ. This form has the potential to not spoil the degrees of freedom counting for the gravity sector. But to make sure, we have to check that the hyper-surface deformation algebra is really satisfied. Let us denote To couple the theory to 6d gravity, we consider the full Hamiltonian 48) where the pure gravity Hamiltonian is given by
with
In the above expressions, γâb is (spatial) 5d metric, ζâb is conjugate momentum to γâb, R is 5d Ricci scalar, and ∇â is γ−compatible covariant derivative.
The primary constraints are
where Π (g) µ is conjugate to N µ and ≈ denotes a weak equality which only holds on the constraint surface. The secondary constraints include
Among which, we have first-class constraints 54) where the numbers in the parenthesis indicate the number of the corresponding independent constraints. On the other hand, we also have 6 second-class constraints which is the transverse components of πmn +H 0mn ≈ 0. Let us count the number of degrees of freedom. There are 72 phase space variables, 42 of them coming from gravity sector while 30 of them coming from gauge sector. There are 21 first-class constraints and 6 second-class constraints. Therefore, the number of degrees of freedom is given by Note that graviton in 6d has 9 degrees of freedom, therefore the calculation shows that the 2-form theory (4.36) indeed has the desired 3 degrees of freedom.
When classifying class of the constraint, we have considered Poisson's brackets between the constraints. Let us list only the hyper-surface deformation algebra:
Note that time dependence in the above formula is suppressed since Poisson bracket is computed at equal time and that x and x ′ represent 5d spatial coordinates. We see that the above Poisson's brackets weakly vanish, indicating that the hyper-surface deformation algebra is satisfied.
The correctly obtained number of degrees of freedom and hyper-surface deformation algebra tell us that the couple of the quadratic 2 + 4 action to gravity is actually doable. The full systematic Hamiltonian analysis and the refinement of PST covariantisation on 2+4 are left in the upcoming works.
Conclusion
In this paper we have analysed a possibility of supersymmetrising and coupling to gravity the free theory for the 2-form chiral gauge field in six-dimensional space-time in the formulation with the manifest SO(1, 1)×SO(4) invariance [23] and generalize it to include non-linear self-interactions of a Born-Infeld type. In the formulation with the 2+4 split space-time we have constructed an action describing N = (2, 0) tensor supermultiplet. On the other route, we have constructed a non-linear Lagrangian for the chiral 2-form in d = 2 + 4 with a non-manifest 6d Lorentz invariance, whose equations of motion amount to the non-linear self-duality condition which coincides with that obtained from the superembedding description of the dynamics of the M5-brane.
In order to make a further extension of these results and ultimately obtain the complete M5-brane action in 6d space-time with 2+4 splitting, one should couple the 2+4 action to 6d gravity, using e.g. the PST technique. However, our analysis showed that the covariantisation of this system via the conventional PST approach does not work, at least straightforwardly. Nevertheless, the non-covariant theory obtained by naively gauge-fixing has the correct number of degrees of freedom. Though the straightforward application of PST technique is not successful, the counting of the number of degrees of freedom suggests that we are on the right track.
Having encountered the above mentioned issues in one of the alternative Lagrangian formulations for the 6d chiral gauge field, it would be of interest to study if similar difficulties arise in self-dual Lagrangian descriptions of chiral gauge fields with different splittings of space-time in other dimensions [23, 24] .
A Equivalence of self-duality equations
To show that the self-duality equations derived from the action (3.2) are equivalent to the ones in the super-embedding approach (3.13), we should check that
That is, we need to calculate the derivatives of I with respect to H + and G, and then express H + and G in terms of h and g, as in (3.16) and (3.18) , to check that the results coincide with (3.17) and (3.19) . When dealing with the self-dual tensor H + aij , we found it convenient to further split its components into independent ones and utilize a 'bra-ket' notation
f n implies matrix multiplication, e.g. f ij f jk etc., g 2 ≡ g i g i = g|g , and f |g and g|f stand, respectively, for f ij g j and g j f ji . In this notation, the super-embedding duality equations take the form
The X, Y and G 2 , eq. (3.6), and x, y, eq. (3.26), can be written as
The self-duality equations derived from the action principle take the form and the derivatives of Q with respect to X, Y and G 2 can be obtained from the sextic equation (3.7) . The left hand side of (B.2) can be expressed in terms of the two-vector basis: 5) with complicated coefficients, which are fractions and contain 64 + 64G 2 − Q 2 X. In order to proceed, we make a common denominator for the both coefficients, and call C 1 the numerator of the coefficient of F |G , and C 3 the numerator of the coefficient of
To show that (B.2) is satisfied, we should check that C 1 = C 3 = 0. Assuming that C 1 vanishes, we can obtain the expression for the square root by solving the corresponding equation This candidate identity will be trivially satisfied if and only if C 1 is zero. We then simplify the candidate identity by trading all the Q n with n 6 in terms of the sextic equation (3.7), with lower degrees of Q. The final result is that (B.7) is indeed the identity. The check that C 3 = 0 is carried out in a similar way. Therefore, the nonlinear self-dual action (3.2) with Q satisfying the sextic equation (3.7) indeed has the (modified) worldvolume space-time symmetry.
